The distributions of the hydraulic head and velocity components of the transient groundwater flow in an unconfined compressible aquifer of finite thickness under constant uniform circular recharge are obtained from the linearized mathematical model by the use of integral transforms. The result generalizes Dagan's (1967) solution which was derived by neglecting the compressibility. By treating the compressibility parameter as a small value, the formula for the hydraulic head is analyzed by asymptotic methods, resulting in approximations to the exact solutions for the head and velocities on small and large time scales. The hydraulic head and flow velocities can be accurately approximated by Dagan's formula for large times; for small times, neglecting the compressibility gives a large relative error but small absolute error.
INTRODUCTION
The interaction between groundwater flow systems, water supply wells, and natural or artificial groundwater recharge creates a complex velocity flow field in aquifers. This velocity field can be represented as a result of the interaction of vertical line sinks (wells) and horizontal areal sources (recharge). The flow is three dimensional rather than two dimensional and is transient rather than steady. Thus, to study contaminant transport below the water table, a threedimensional unsteady model is necessary to delineate major contaminant pathways.
The role of groundwater flow modeling is to provide an estimate of the flow velocities. Head predictions are of little interest. Velocity estimates, however, are usually based on hydraulic head differences and therefore are much more sensitive to numerical modeling errors than are estimates of the hydraulic head alone. Satisfactory predictions of transport often require that the velocity field be calculated on a fine spatial grid. Therefore analytical solutions have some advantage over numerical procedures. Unfortunately, such solutions are not often available for cases of practical importance [National Research Council, 1990] .
In this paper we consider the flow induced in an unconfined compressible aquifer of finite depth by an areal source (a source of finite horizontal extent), as illustrated in Figure  1 . Such sources represent groundwater recharge for the problems of transport of agricultural fertilizers [Dillon, 1989] , oil spills from underground storage tanks [Levy et al., 1990] , and leachates from landfills [Ostendorfet al., 1989 ]. In the near field of the contamination source the velocity field is predominantly vertical, as contaminants are submerged into deeper layers of an unconfined aquifer; farther from the source, the velocity direction changes sharply from predominantly vertical to predominantly horizontal [Hunt, 1971] .
Experimental results confirm the Dupuit assumption for To analyze the influence of the small parameter I/Kv and the applicability of the linearized solution for the full nonlinear problem, Lennon et al. [1979] applied the numerical boundary integral method. The numerical simulation showed that the linearized, incompressible, constant-specific-yield solution underpredicts the groundwater mound rise for large times in aquifers with thicknesses less than 2-10 times the recharge radius if the small parameter approaches the value 0.2. However, there was no analysis about the influence of compressibility of the unconfined aquifer or the influence of flow in the unsaturated zone on the development of water mounds.
The effect of compressibility for flow caused by a well (vertical line sink) has been shown to be significant for very early stages of pumping, causing delayed response of drawdown in an unconfined aquifer INcurnan, 1974 INcurnan, , 1979 . "Dagan's method does not take into account the phenomenon of delayed gravity response, and therefore it is limited in its application to relatively large distances from the pumping well and to sutficiently large values of time, at which the effect of elastic storage is very small" [Neuman, 1975, p. 329] . In this paper we consider the effect of compressibility on flow induced by areal recharge. We obtain the general solution for the compressible case and so determine the effect of compressibility by comparing the compressible solution to that obtained by Dagan. We are thus able to discuss the error made by using the incompressible solution to approximate the solution in the compressible case.
According In the problem discussed in this paper there are two small parameters that must be considered. The ratio of specific recharge to conductivity will be taken to be small throughout the following analysis, so that the effect of the other parameter can be studied within the framework of the linearized theory. The ratio of storativity to specific yield (•r) will be used as a small parameter to obtain useful approximations.
Under the assumptions of the linearized theory we obtain an analytical three-dimensional solution for the hydraulic head and spatial flow velocity components in an unconfined, compressible, homogeneous, anisotropic aquifer under the influence of low-intensity groundwater recharge by a constant source uniformly distributed over a finite circular region. The results appear in the form of definite integrals, which we evaluate numerically. We also obtain an approximate solution for the compressible case by asymptotic expansion of the exact solution followed by asymptotic matching. The resulting approximation is virtually indistinguishable from the exact solution but has a simpler form and is therefore of great value in obtaining an analytic comparison of the incompressible and compressible solutions. Further analysis yields simple approximate quantitative statements of the long-term effect of compressibility on the hydraulic head and spatial flow velocity components for all near-field locations.
PROBLEM STATEMENT
We begin by writing down and solving the problem for the increase of hydraulic head over the initial level in an unconfined aquifer under a circular source of recharge. The velocity vector can then be obtained as the gradient of the hydraulic head. The model will be solved exactly, but the solution is somewhat complicated. We then derive approximate solutions on two different time scales from the exact solution and use the method of matched asymptotic expansions (see, for example, Murdock [1991] ) to obtain an approximate solution valid for all time. This uniform approximation can be used in place of the exact solution to provide numerical estimates without sacrificing accuracy.
Problem for the Hydraulic Head
We consider an unconfined aquifer of infinite lateral extent and finite thickness that rests on an impermeable horizontal layer (Figure 1) . The aquifer material is uniform and anisotropic, the principal conductivities being oriented parallel to the coordinate axes. The aquifer is recharged by a uniform circular source that is turned on at time zero. We neglect variations of specific yield. Within the limits of first-order linearized theory, the problem may be written as No approximations have been used at this stage, so (10)- (13) and (14)- (17) [Murdock, 1991] .
Because the inner and outer approximations are not valid for all time, they are used to replace the exact solution for further analysis. The uniform approximation is generally more complicated than either the outer or the inner approximation but can be used to replace the exact solution for numerical investigation.
Approximate Solution on the Small Time Scale
The inner approximation up to O(rr) can be obtained from (14) The examples and discussion that follows are motivated by two goals. The first is to give a description of the evolution of the groundwater mound and the velocity profile. The velocity profile is of particular importance since no results for the three-dimensional case have been published previously.
To simplify computations, one would like to use Dagan's formula to calculate vertical and radial velocities. Thus the second goal of the discussion is to indicate the effect of compressibility on the head and the velocities, since the use of Dagan's formula is tantamount to neglecting this effect. To illustrate the solutions given by these formulas, the integrals in the formulas were evaluated numerically. The procedure is not entirely routine, because the integration interval is infinite and the integrands include two oscillating factors and have removable singularities at y = 0. To avoid these difficulties, the routine employed in these computations subdivided the y axis by placing a node at all points where the integrand vanished owing to the vanishing of an oscillatory factor, and each integral was evaluated on an interval solution to a constant as t increases, and it shows the approach to a logarithmic increase with time for t > 1. Figure 6 shows how the variation of hydraulic head with depth at the center of the recharge area changes with time. As the flow evolves, vertical gradients in head increase, leading to larger downward velocity.
The effect of compressibility increases with t and decreases with r and z. The increase in the effect of compressibility with r is immediately obvious from the observation that the integrand of the function • (45) achieves its maximum magnitude at r = 0 for any value of y. The decrease of compressibility effect with z diminishes with time, while the overall effect of compressibility reaches a limiting value as time increases (Figure 7 and (56) ). The reason for this behavior is clear from the asymptotic results. The inner approximation (40) consists of three terms. The first of these corresponds to Dagan's solution on the small time scale. The other two terms give the effect of compressibility. Of these, the third term decays rapidly, so that the principal small-time effect of compressibility is given by the second term. This function vanishes when z = 1, so that the effect of compressibility is small near the water table. As time increases to large values, the difference between the hydraulic head in compressible and incompressible aquifers is seen to approach the constant value -rrR 2/4. upper levels of the aquifer, Dagan's formula gives good results for the radial velocity even for small times. At the bottom of the aquifer, Dagan's formula gives a larger radial velocity for small times. This effect occurs because changes in the hydraulic head propagate toward the bottom of the aquifer at a slower rate for the compressible case than for the incompressible case. The error in using Dagan's formula for the radial velocity will not be important in problems of contaminant transport. Contaminants that are present near the water table at the beginning of the recharge (at time r = 0) will not reach the lower levels of the aquifer until the time is large enough for Dagan's formula to give an accurate estimate for the radial velocity near the bottom.
The overall direction of groundwater flow is apparent by comparison of the illustrations of the vertical and radial velocities. For the portion of the aquifer that is well within the recharge area (r < R, r % R), the radial velocity is small and the flow is primarily downward. For the portion of the aquifer that is well outside the recharge area the vertical velocity is small and the flow is primarily outward.
Importance of •r and R
For all quantities of interest the error in Dagan's formula as an estimate of the solution for the compressible case is proportional to or. Thus for aquifers where cr is less than 0.1, the value used for all illustrations, the error in Dagan's formula is reduced accordingly.
It is interesting to note that all estimates of the effect of compressibility for large times are proportional to (err 2).
Since R is the ratio of the recharge radius to the aquifer depth, we conclude that for a given recharge area the effect of compressibility is less for a deep aquifer, which will have a small value of R, than for a shallow aquifer. Thus Dagan's formula makes a smaller absolute error for a deep aquifer than for a shallow aquifer.
CONCLUSIONS
In contrast with most previous works on transient groundwater flow in an unconfined aquifer under uniform recharge, compressibility of the aquifer has been taken into account analytically. The solution obtained from this analysis generalizes Dagan's [1967] solution for the hydraulic head, which was derived by neglecting the compressibility.
By treating the compressibility or, the ratio of storativity to specific yield, as a small parameter, further analysis of the solution for the hydraulic head in a compressible aquifer was performed by asymptotic methods, resulting in approximations to the exact solutions for head, vertical velocity, and radial velocity on small and large time scales and also in the limit of very large time.
It was found that Dagan's solution for the hydraulic head always overpredicts the growth of the groundwater mound. For large times the error in Dagan's formula does not depend on the location of the observation point or on the time and is equal to the constant value -err 2/4. flow of water is directed upward rather than downward. During this early period the compressibility of an aquifer may have a significant influence on hydraulic heads, water table shape, and velocities.
After F = t t the vertical velocity gradually becomes a monotonic function of the radius r; in particular, the vertical velocity near the water table approaches a step function. Nonsteady components of the vertical and radial velocities show a decrease inversely proportional to time. The effect of compressibility on the velocities decreases after t = t t. For large times (t >> tt) the error in the radial velocity caused by neglecting compressibility is inversely proportional to t, while the error for vertical velocity is inversely proportional to •. Thus application of Dagan's formula to approximate flow in a compressible aquifer provides a very reasonable approximation for t > tt. For t < t t the relative error in Dagan's formula can be significant for an aquifer with tr • 0.1, but the absolute error is always small. This makes Dagan's formula an attractive choice for the calculation of three-dimensional velocity fields for various particle tracking techniques and transport problems, where velocities are to be integrated over times of at least tt. g(y, z, r)=2 Z ton(y, z, r), ton=
